Heat conduction by phonons is a ubiquitous process that incorporates a wide range of physics and plays an essential role in applications ranging from space power generation to LED lighting. Heat conduction has been studied for over two hundred years, yet many microscopic aspects of heat conduction have remained unclear in most crystalline solids, including which phonons carry heat and how natural and artificial structures scatter specific phonons. Fortunately, recent advances in both computation and experiment are enabling an unprecedented microscopic view of thermal transport by phonons. In this topical review, we provide an overview of these methods, the insights they are providing, and their impact on the science and engineering of heat conduction.
I. INTRODUCTION
Heat conduction by phonons in solids is a fundamental process that incorporates a variety of fascinating physics in addition to playing a central role in numerous applications. At the macroscale, heat conduction is well described by diffusion theory based on Fourier's law, which states that the heat flux is linearly related to a temperature gradient by a material property, the thermal conductivity. However, accessible length and time scales have dramatically shrunk over the past 30 years, and when these scales are comparable to phonon mean free paths (MFPs) and relaxation times, respectively, macroscopic theories do not provide an accurate picture of the transport.
1,2 For example, Fourier's law substantially underpredicts the temperature rises of localized hotspots at the junctions of transistors. 3, 4 New nanostructured materials have been created with substantially reduced thermal conductivities compared to the bulk material, and some of these materials are under development as thermoelectric materials. [5] [6] [7] [8] [9] [10] The lifetimes of LEDs for domestic lighting as well as the performance of high power transistors is limited by near-junction thermal resistances due to defects and interfaces near the active region of these devices.
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To account for these effects, a microscopic picture of the heat conduction is necessary, including details such as which phonons among the broad thermal spectrum carry heat and how phonons interact with both natural and artificial structures. Unfortunately, this information has historically been very difficult to access. Consider the relation between thermal conductivity k and microscopic quantities, given by the kinetic equation:
where C ω is the frequency-dependent specific heat, v ω is the group velocity, Λ ω is the MFP, and ω is the phonon frequency. While the specific heat and group velocity are set by the harmonic component of the interatomic potential and can be measured using techniques such as neutron scattering, the MFPs are determined by deviations from the perfect harmonic lattice, either from the anharmonic component of the interatomic potential or from physical defects, and are very difficult to measure directly or calculate quantitatively.
Despite these difficulties, considerable progress was made in building a microscopic picture of heat conduction using macroscopic measurements and solid state physics. Debye first attributed heat conduction to delocalized lattice waves and was able to explain the 3 1/T temperature dependence of thermal conductivity at sufficiently high temperatures. 15 Peierls then introduced the phonon Boltzmann equation and identified the two anharmonic interactions, normal and Umklapp processes, that return phonons to thermal equilibrium. 16 Subsequently, approximate expressions for relaxation times due to different scattering mechanisms such as anharmonicity, point defects, and dislocations were derived by Pomeranchuk, Klemens, and Herring, among others. [17] [18] [19] In the early 1960s, Callaway, Holland, and others introduced models of thermal conductivity that could reasonably explain the temperature dependent thermal conductivity of pure crystals and alloys. [20] [21] [22] In fact, these models are still in frequent use today to study thermal transport in a wide range of materials. Microscopic phonon properties including the MFPs Λ ω can be obtained by adjusting model parameters to fit macroscopic thermal conductivity data.
While this approach does yield useful insight, it has substantial limitations. First, the approach is not predictive because the fitting parameters must be determined using experimental data before any conclusions can be drawn. Second, the extracted MFPs strongly depend on assumptions made in the fitting and thus are difficult to determine unambiguously. For example, assuming a solid has a Debye dispersion leads to the contribution of high frequency phonons being substantially overpredicted because actual zone-edge phonons have a much smaller group velocity than the sound velocity. [23] [24] [25] [26] Further, if multiple scattering mechanisms with different temperature dependencies are present, as in complex thermoelectric materials, separating the various mechanisms is challenging. These ambiguities fundamentally occur because thermal conductivity represents an average over all phonon modes that results in a loss of the microscopic details of thermal transport.
Due to the lack of knowledge of MFPs and computational limits in solving the Boltzmann transport equation (BTE), for many years microscale heat conduction was studied with a grey model, which assumes that all phonons possess an average MFP. However, with this assumption one finds that there are many experimental observations that cannot be explained. Consider, for example, measurements by Song and Chen of the thermal conductivity of silicon films lithographically patterned with holes of approximately 2 micron diameter. 27 If we take the average MFP in Si to be 300 nm at room temperature, 28 size effects would not be expected to play a role in the transport. However, substantially lower thermal conductivity than predicted by effective medium theory was observed in the actual sample. This result demonstrates that phonons in Si must have a broad spectrum and that some of the modes in this spectrum must possess MFPs on micron length scales. In fact, recent theoretical and experimental works have demonstrated that nearly half of the heat in silicon is contributed by these long MFP phonons. [29] [30] [31] This example demonstrates the importance of having an accurate microscopic understanding of heat conduction to predict even the simplest phenomena at micron length scales.
Fortunately, a number of advances in both computation and experiment are providing a detailed microscopic picture of heat conduction in solids. In computation, ab initio and mesoscale techniques are enabling a multiscale understanding of phonons in pure and nanostructured crystals, often without any adjustable parameters. In experiment, improvements in inelastic neutron scattering techniques, as well as the use of a new experimental technique called mean free path spectroscopy, are enabling the first direct measurements of the transport properties resolved across the thermal phonon spectrum. In this topical review,
we provide an overview of the recent insights into heat conduction and their impact on the science and engineering of thermal conductivity.
We note that a number of excellent reviews in the general area of nanoscale thermal transport have recently been published. 1, 25, [32] [33] [34] In this review, we focus specifically on advances in computation and experiment for studying the microscopic properties of thermal phonons responsible for heat conduction in crystals. The reader is referred to other reviews for a broader view of the nanoscale thermal transport field.
II. COMPUTATION
A number of advances have been made in computational techniques ranging from ab initio calculations using density functional theory (DFT) to mesoscale simulation with the Boltzmann transport equation (BTE) . When employed together, these techniques are enabling the first multiscale simulations of thermal transport without any adjustable parameters. Here, we highlight recent results obtained from ab initio calculations, atomistic Green's functions, and variance-reduced MC methods to solve the BTE.
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A. Ab Initio
Ab initio calculations of thermal conductivity in pure crystals are based on using DFT to determine the interatomic potential of the atoms in a crystal, from which thermal properties can be obtained using lattice dynamics or molecular dynamics. Prior to this approach, atomistic calculations were based on semi-empirical potentials such as the Stillinger-Weber potential with adjustable parameters for each material. However, these potentials were designed to fit experimentally measured lattice constants and elastic constants, and thermal conductivity predictions were often in poor agreement with the actual values. 35 Further, empirical potentials have limited predictive power because the fitting parameters must be determined by fitting to experimental data. In contrast, the ab initio approach is able to accurately calculate the interatomic potential without any adjustable parameters or any other inputs other than fundamental constants. As a result, this predictive approach is providing a new understanding of the origin of a material's thermal conductivity.
DFT has long been used to determine phonon dispersions by calculating the harmonic force constants between atoms. It is not an exaggeration to say that these calculations have fundamentally changed our understanding of microscopic origin of thermal conductivity. We refer the reader to a recently published review for more information on the computational details of the ab initio approach. 34 Here, we instead highlight a small sampling of the insights gained into heat conduction.
One particularly important realization is the breadth of the thermal phonon spectrum and correspondingly, the importance of low frequency, long MFP phonons to heat conduction.
Due to complications in determining the MFPs of phonons as discussed in the introduction, many works treated the phonon spectrum using average properties in a grey approximation.
Because simple estimates of the average phonon MFP in Si based on kinetic theory predict a MFP of at most a few hundred nanometers, low frequency phonons with frequency less than 1
THz would not be expected to contribute to heat conduction due to their small heat capacity.
However, this estimation turns out to be very misleading. In fact, thermal phonons possess an extremely broad spectrum, with MFPs ranging from a few nanometers to 10 microns in Si at room temperature. 31 A calculation of the accumulated thermal conductivity contribution versus wavelength and MFP by Esfarjani et al. 31 is shown in Fig. 1a , demonstrating that while most thermal phonons have similar wavelengths, MFPs vary by orders of magnitude.
Further, phonons with MFPs longer than 1 micron contribute over 40% of the total thermal conductivity. This result is consistent with earlier MD simulations by Henry and Chen
29
and demonstrates the importance of considering the phonon MFP spectrum, rather than an average MFP, for interpreting thermal measurements in bulk and nanostructured materials.
Another important insight is the importance of optical modes to heat conduction, although by an indirect route. Due to their small group velocity, the contribution of optical modes to heat conduction is typically neglected. Ward and Broido found this assumption to be a good one for bulk Si and Ge, 46 with optical modes contributing less than 10% although this contribution can be larger in nanostructures 76 and in some bulk materials such as PbTe. 66 However, while optical modes typically do not contribute to heat conduction substantially, they provide extremely important scattering channels for acoustic phonons.
Removal of these optical modes from the scattering channels completely changes the temperature dependence of the relaxation times and results in a factor of three increase in the thermal conductivity in solids like diamond and Si as shown in Fig. 1b conductors based on an analysis of the compound BAs that offers substantially more insight into the origin of high thermal conductivity. 57 As illustrated in Fig. 1c , these requirements include acoustic phonon bunching so that interactions among acoustic modes are restricted, a large acoustic-optical phonon energy gap so that optical phonons cannot participate in phonon-phonon scattering, and isotopically pure elements to eliminate point defect scattering. The authors report that BAs incorporates all of these mechanisms and thus could have a high thermal conductivity comparable to that of diamond. These requirements are not obvious from a macroscopic perspective, demonstrating the importance of the microscopic view.
The calculations are not limited to just pure and compound materials. Alloys have also been studied using DFT using the virtual crystal approximation by Garg et al. 70 A subtle aspect of alloys is that they consist of randomly placed mass defects and thus are not periodic. Attempting to calculate properties by progressively increasing the size of a DFT supercell with random masses can yield erroneous results such as the group velocity tending to zero. Instead, one must employ the virtual crystal model and incorporate defect scattering as an additional scattering mechanism. Garg et al. used this approach to examine the thermal conductivity of Si-Ge alloys. The authors found that the point defect scattering mechanism dramatically increases the relative contribution of low frequency modes to heat conduction, as shown in Fig. 1d , with the majority of the heat carried by sub-THz frequency phonons with MFPs between 200 nm and 3 microns. Unexpectedly, the authors also found that scattering of low frequency phonons is increased in alloys compared to the pure crystal due to a change in the vibrational eigenmodes of the random structure.
These highlights are just a few of the many results that have been provided by ab initio calculations. Other insights include a better understanding of normal processes 54 and the effect of superlattice periodicity on thermal conductivity, 71,72 among others. The ab initio approach has had a very important impact on our understanding of thermal conductivity, and further progress is expected as it is applied to a wider range of solids.
B. Atomistic Green's functions
While DFT provides the most detailed microscopic information, the approach is very computationally intensive and cannot be applied to domains larger than a few atomic unit cells. However, many structures such as grain boundaries and nanoparticles are too large for DFT yet sufficiently small that the wave nature of the phonon on the discrete atomic lattice must be considered. For these situations, the atomistic Green's functions (AGF) approach has emerged as a powerful technique to exactly calculate the interaction of phonons with extended structures assuming a harmonic lattice. 78 We note that molecular dynamics is also a useful approach that incorporates anharmonicity but is restricted to high temperatures.
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Further information on this method is available in another review.
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Green's functions are widely used to solve differential equations. The phonon AGF method has its origins in nanoscale electron transport calculations, where it is known as the Non-Equilibrium Green's Function (NEGF) formalism. 84, 85 In this approach, the Schrodinger equation is solved in a specified domain between two contacts, yielding the transmission function across the domain as a function of energy. The advantage of this technique is that interactions with semi-infinite contacts are exactly accounted for through self-energy terms.
NEGF has been extensively used to simulate nanoscale electronic devices.
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By making a few careful substitutions, an analogous approach can be developed for phonons. 78, 87 
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We highlight two of the many recent works that have studied the interaction of phonons with extended structures. Tian et al. used AGF to study phonon transmission across ideal and rough heterogeneous Si/Ge interfaces using both ab initio and empirical force fields.
distribution of masses. To incorporate this ef pute the scattering rates by using large su explicit random distribution of Si and Ge m relevant compositions. Figure 4 (a) sho Si 0:3 Ge 0:7 the anharmonic phonon relaxatio puted by using a 4 Â 4 Â 4 supercell (dashed lower by a factor of $2:0 at the smalles studied-compared to those obtained by usi crystal (solid black line)-with the differenc as the frequency is increased. Using these The BTE under the single-mode relaxation time approximation is given by:
where f is the desired distribution function, v is the group velocity, f 0 is the equilibrium ROLE OF LIGHT AND HEAVY EMBEDDED . . . where the heavy impurities scatter more strongly than the light ones at low frequency. This can be qualitatively understood by making an analogy with electron scattering by a local potential. Heavier impurities are analogous to a potential well, whereas lighter ones are analogous to a potential barrier. From elementary scattering theory, the low-frequency scattering cross section of a potential well is larger than that of a potential hump, in agreement with the trend observed. Nevertheless, to our knowledge, the effect of arbitrarily sized nanoparticles on a realistic three-dimensional system has not previously been quantitatively investigated, and its consequences on thermal conductivity have not been addressed.
Some further comments are in order. In principle, the techniques presented here would also allow us to study other nanoparticle shapes and compositions. 
III. RESULTS AND DISCUSSION
A. Rough interface with random distribution
To create random atomic mixing, we select a certain number of layers (2, 4, 6, and 8) in the central region and randomly shuffle the atoms within these layers. Three independent configurations are constructed for each roughness thickness, and calculations are conducted for each configuration. The average value is plotted for each thickness of the rough region. The total transmission function, transmittance, and thermal conductance are plotted in Fig. 2 . The total transmission function, transmittance, and thermal conductance of ideal interface are plotted in Fig. 2 as a reference.
One counterintuitive finding, arguably the most important highlight, from Fig. 2 is that the phonon transmission across a rough Si/Ge interface can be higher than the ideal Si/Ge interface for certain frequencies, contributing to a larger thermal conductance at certain roughness thicknesses. In the low-frequency limit, the long-wavelength phonons do not sense the interface roughness and propagate through as if they are traveling across the ideal sharp interface. Due to its short length scale, atomic roughness has negligible influence on the long-wavelength phonons. In the high-frequency limit, the transmission is zero because there are no available states on the Ge side. The most interesting phenomena are observed for the phonons with midrange frequencies, where the atomic roughness could pla transmission. The roughness sof acoustic impedance at the interf propagation. It can also allow ph angles, which would otherwise b interface, to be transmitted. Mo understood by investigating the ph of the two materials, where inci are contained, and the interfacial transmission happens. As shown i pure Si and Ge are quite different, intermediate DoS, which serve to and Ge. Therefore, phonons that across the Si/Ge interface can no scattering channels created in the S the phonon transmission and tran 200-300 cm distribution that is related to f by an integral equation, and τ is the relaxation time that depends on phonon frequency. In general, this integro-differential equation is a function of 8 variables -time, phonon frequency, three spatial variables, and three momentum space variables, making its solution very challenging.
In certain situations, exact analytical solutions can be obtained using integral transforms in infinite or semi-infinite domains. which the incorporation of deterministic information can reduce the variance of an estimator. For phonons, the deterministic knowledge is the fact that the equilibrium Bose-Einstein distribution is known analytically. Rather than simulating this known distribution stochastically, in deviational MC only the deviation from this equilibrium distribution is computed, thereby dramatically reducing the variance. An example of the low stochastic noise result that can be obtained is shown in Fig. 3a , showing the two dimensional temperature profile of a slab with square pores calculated by Peraud et al.
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This algorithm is most efficient compared to traditional MC when the maximum temperature variation over the domain is much smaller than the equilibrium temperature, 131 with the efficiency enhancement improving as (∆T /T ) 2 . In the special case when ∆T /T 1, an additional simplification can be made that reduces the computational cost by an additional few orders of magnitude. 128 In this situation, the distribution to which scattering phonons relax is nearly the same everywhere in the domain due to the small temperature differential, allowing the scattering operator to be linearized. This simplification allows the particles to be simulated completely independently from each other and without any need for temporal and spatial discretization, simplifying parallelization and reducing memory requirements by orders of magnitude.
These algorithms, and the latter linearized algorithm in particular, are enabling new insights into mesoscale thermal transport that have not been previously possible due to 
Refs. 5, 22, and 23). As a consequence, variance-reduced methods are able to provide the desired relative statistical uncertainty (noise-to-signal ratio) for arbitrarily low signals without requiring more computational effort. In contrast, in the case of the non-variance-reduced methods, it is more computationally expensive to obtain the desired level of relative statistical uncertainty for small than for large variations defines the parameter d that we use to describe the spatial distribution of the pores. The thermal conductivity in the y direction is measured by imposing periodic unit cell boundary conditions as explained in Sec. III E 3, with a temperature difference of 0.1 K across the unit cell. Using the data of Appendix A, the contributions of the different mean free paths to the bulk thermal conductivity can be calculated. 
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As a second application, we consider the determination of the thermal conductivity of complex periodic nanostructures, which has recently received a lot of attention in the literature.
3,10,11 Here we consider a periodic nanostructure with a unit cell as shown in Fig. 2 in the presence of a temperature gradient in the z-direction. By calculating the heat flux in the direction of the gradient, we can determine the "effective" thermal conductivity of the nanostructure. Instead of considering an equilibrium T eq that is spatially constant, we allow the latter to vary in space. This approach has been shown to improve variance reduction 12 because it allows the control temperature to follow the physical temperature more closely; it is particularly convenient for imposing external fields such the one considered here, in which T eq ðxÞ varies linearly from T 1 to T 2 > T 1 . With this choice of T eq , the BTE becomes In order to avoid n because our simulation temperature differences f temperature differences þ T 2 Þ=2; material proper de eq Teq =dT, will be evalua linear regime, the sourc space.
The simulation proce sampling), with a few add ity of the problem. Partic Fig. 3b . 128 We have also implemented this simulation to better understand recent observations of quasiballistic transport using variable pump-size TDTR measurements, 136 as will be described in section III B.
In our group, we are using these algorithms to study a number of problems that were not possible to address previously due to computational limitations. One problem we have examined is the origin of exceptionally low thermal conductivities in silicon nanomeshes, consisting of periodic holes etched in a thin membrane. 137, 138 The measured thermal conductivities were apparently too low to be explained by boundary scattering and thus tentatively attributed to coherent phonon interference. Other works attempted to simulate phonon transport in these structures using the BTE but could only incorporate two dimensions 121 or modeled the scattering with a phenomenological scattering rate that lacked predictive power.
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Using variance-reduced MC algorithms, we examined the origin of these observations by simulating the full 3D geometry of the nanomeshes while rigorously including the frequencydependence of phonon properties. 134 As shown in inset of Fig. 3c , we simulated thermal transport through one unit cell of a nanomesh with circular and square pores using periodic heat flux boundary conditions 121 and diffuse boundary scattering from pore walls and top and bottom boundaries. Our calculation demonstrated that the heat carried by low frequency modes that were most likely to undergo coherent interference was not sufficient to explain the observed low thermal conductivies of 1-2 W/mK. As shown in Fig. 3c , most of the heat in nanomeshes is carried by phonons with frequencies larger than 3 THz, corresponding to wavelengths of less than two nanometers. These wavelengths are very small compared to the reported periodicity of 10-20 nanometers, thus making coherent effects unlikely to affect heat conduction. Instead, the low thermal conductivities could be accounted for by the presence of a 2-3 nm thick native oxide that effectively increased the pore size as well as phonon backscattering at the pore walls. Our calculations demonstrate that thermal phononic crystals at room temperature must have periodicity on the order of 1-2 nanometers and atomic level roughness, a difficult fabrication requirement at present. However, as recently reported by Zen et al, thermal phononic effects can occur at sub-K temperatures even with micron-sized structures because of the increase in thermal phonon wavelength at these low temperatures.
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We have also used these algorithms to study thermal transport in nanocrystalline silicon germanium alloys with a realistic 3D grain structure. 135 A recent experimental work by Wang et al. provided evidence that the scattering rate due to grain boundary scattering in nanocrystalline silicon is not grey, as typically assumed, but must depend on the phonon frequency. 141 We wanted to examine the impact of the frequency-dependent grain boundary scattering on the distribution of heat in the thermal phonon spectrum. While a phenomenological scattering rate τ −1 = v/L can be used along with an analytic solution of the BTE to obtain some insight, this approach lacks predictive power because in the non-grey model the geometrical length L depends on phonon frequency and is not known in advance. Instead, we modeled phonon transmission across the grain boundary and exactly incorporated the geometrical effects using the linearized MC algorithm with a cubic, 3D grain structure and periodic heat flux boundary conditions. 121 We found that the scattering rate required to Many other interesting studies lie ahead using these powerful algorithms. When combined with the previously described first-principles and atomistic level modeling techniques, these algorithms enable simulations of thermal transport in realistic, multidimensional structures without any adjustable parameters.
III. EXPERIMENT
Experimentally measuring the transport properties of specific phonons has been a con- anharmonic repulsion between the branches. This strong scattering was also reflected in the phonon linewidths, which exhibited a peak in the LA branch at certain frequencies due to the interaction as in Fig. 4b Fig. 2d -f, taking into account both the difference in force constants of Ag and Sb sites 18 , and the additional effect of 5% vacancies. Pointdefect scattering accounts for 10-15% of the measured linewidth. From the analysis of phonon lifetimes for typical scattering sources, one must conclude that a more significant defect structure is responsible for the large, T-independent phonon linewidths. Such a conclusion is directly supported by our observations with TEM and diffuse neutron scattering data.
TEM observations reveal that all d-phase samples (Ag 1-x Sb 1þx Te 2þx , x ¼ 0, 0.1, 0.2) have a pervasive nanostructure that includes cation ordering in nanodomains and correlated atomic displacements, resulting in strains. Superlattice reflections are observed halfway between all-even and all-odd diffraction spots of the parent rocksalt structure, as highlighted by the red circles in Fig. 3d ,e. They correspond to the L points of the fcc Brillouin zone (1/2(h,k,l ) with h,k,l odd in the rocksalt reciprocal lattice). This reveals a doubling of the lattice period along k111l directions in real space. This is compatible with a segregation of Ag and Sb ions to alternating (111) crystallographic planes, as expected for the proposed L1 1 ground-state superstructure [31] [32] [33] . It is also compatible with the related ordering in the D4 structure of nearly degenerate energy [31] [32] [33] . These two structures are illustrated in Fig. 3c ,f. It appears that energy degeneracy between competing cation orderings leads to the formation of a complex ordering pattern, with multiple ordering nanodomains. Because the four variants of L1 1 (corresponding to four possible k111l directions) and the D4 variant have nearly the same energy, the material is in a 'frustrated' state, and remains ordered only locally. The width of the superlattice peaks in single-crystal neutron data provides a correlation length for ordered domains of j ≈ 3 nm. In addition, slight offsets of the superstructure peaks from L points were observed, indicating possible furth Thus, we find a similar b and AgBiS 2 (ref. 34) , alth more diffuse in Ag 1-x Sb 1 ings and nanostructures
The nanostructure wa the TEM. In Fig. 3a , elon observed in the {111} pl nanodomains. Their sha they are either platelets o is clearly seen, forming li associated with strain L1 1 -ordered structure p distortion ( 0.88 flatten axis). Thus, cation ord should tend to strain th whereas D4 nanodomai of peaks was observed may be because constra suppress the distortion. does not directly superim its lateral periodicity is in lation length ( 3 nm). faults was also observed, the d-phase and the form with earlier observations High-resolution TEM (FFT) support the sup patterns (Supplementar clearly show layers paral Sb-Te-Ag stacking sequ in the L1 1 structure. Th the HRTEM reveal diffe regions appeared compa nature of the ordering.
The length scale of th ment with the measur addition, we observe an paths, which could be rel The dominant mean fre mated by integrating the In Fig. 2b , we compare the temperature dependence of the isotropic average thermal displacement obtained from NPD, ku 2 (T )lNPD, to the vibrational component derived from the measured phonon DOS. The ku 2 liso component due to harmonic vibrations, ku 2 lhar, is systematically lower than the total atomic displacement, with a constant offset of ku 2 lNPD 2 ku 2 lhar ≈ 0.008 Å 2 for T ≤ 400 K. The softening of the phonon DOS with increasing T, resulting in the QH value ku 2 lQH, does not account for this effect. Rather, the offset reveals static displacements, which are a temperature-independent source of phonon scattering. These static displacements originate from atomic relaxations in and between ordered nanodomains.
We performed first-principles density functional theory (DFT) calculations on ordered superstructures of AgSbTe2, including the D4 and L11 cation superstructures (Fig. 3c,f ) previously predicted to be candidate ground states (for details see Supplementary Section SVIII)31-33. Upon relaxing the ion positions, we find systematic displacements of Te towards Ag cations in k100l first nearestneighbour (1NN) bonds: dAg-Te ¼ 3.03 Å versus dTe-Sb ¼ 3.11 Å.
These static displacements probably contribute to phonon scattering, as mentioned above. Our DFT phonon calculations on the ordered structures predict a significant overlap of optic and LA modes, although some of this effect is associated with the band folding induced by the use of a supercell. The effect is probably intrinsic, based on the fact that all atomic masses are similar in this material, which does not promote the same energy separation of acoustic and optic modes as found in PbTe, where acoustic modes (in particular TA modes) mainly involve Pb motion, and optical modes mainly involve Te motion. This is corroborated by the good agreement between the measured phonon DOS and our calculation for a R 3m ordered superstructure (64-atom cell) (Fig. 2a) . The overlap of acoustic and optic modes in AgSbTe2 could lead to enhanced interaction between the high-frequency acoustic modes and low-frequency optic modes. The results of our phonon calculations are in overall agreement with previous studies31,32.
As mentioned previously, the lack of T dependence of phonon relaxation times, tq,j ¼ 1/(2Gq,j), indicates that anharmonic phonon-phonon scattering is not the dominant phonon scattering mechanism, at least up to room temperature, for heat-carrying TA phonons. As originally shown by Peierls, phonon-phonon umklapp scattering follows a T dependence scaled by the Debye temperature uD (ref. 37) . From the phonon DOS for Ag0.8Sb1.2Te2.2 at 300 K, we obtain uD ¼ 4/3kEl ¼ 155 K (and 153 K for the AgSbTe2). Thus phonon-phonon scattering would be expected to give a strong T dependence of the scattering rates in the measured range of temperature, which is not observed. We . Both datasets are for the same PbTe crystal at 300 K. Asterisks (respectively black circles) serve to identity the TO (respectively LA) mode positions. The TO mode is always 'inside' the LA mode, indicating that the two phonon branches do not cross.
of LA and TO branches may clearly be seen. These data confirm our results shown in Fig. 1a ,c. We stress that the anharmonic LA-TO coupling is quite extended in reciprocal space. It is responsible for the 'waterfall' effect at q = 0 (in odd zones), the extinction of LA modes and avoided crossing with the TO branch around q = 1/3, and the diffuse scattering intensity at the top of the LA branch (q = 0.5). This large phase space for the coupling, together with the strong coupling, is expected to affect the contribution of LA modes to the thermal conductivity of PbTe. As LA modes are fast-propagating phonons (large group velocities for q < 0.5), they are expected to be important heat carriers, and thus the LA-TO coupling reported here probably plays an important role in explaining the low  of PbTe. We investigated the LA branch in the (002) zone in more detail, by carrying out constant-Q cuts of the CNCS data, and fitting the position of the LA peak (Gaussian fits, corrected for instrument resolution). The results are shown in Fig. 3 . The LA dispersion shows an anomalous dip around q ' 0.2, and the phonon linewidth 0 exhibits a peak at the same wave vector, reaching above 2 meV at the maximum. Scans measured on HB3 at (0/,0/,3.8), equivalent to q = 0.2, also showed a very broad distribution, whereas clear LA peaks could be observed at q = 0.1 and q = 0.3. These anomalies can be directly related to the anharmonic interaction with the TO branch, which results in a down-shift and an increased damping of the LA phonons. We note that in the range q ' 0.15 0.35 the shape of the LA peak is broad and complex, with extra broad scattering intensity detected between the LA and TA peaks (this was observed in both our CNCS and HB3 measurements). The data for the cuts are shown in Supplementary Information.
Investigations of the INS intensity at 0 reveal a broad and complex energy profile for the TO mode, as well as a strong dependence on temperature, indicative of anharmonicity. Scans at 0 = (111) and (113) measured with HB3 at multiple temperatures are shown in Fig. 4 . The TO intensity is broad in E, in agreement with the CNCS data, and it is also strongly dependent on T . At T = 100 K, a single well-defined peak is observed at E = 3.2 meV, with a broad tail at higher E. This peak position agrees well with the E TO reported in ref. 14. With increasing T , the peak shifts to higher energy, as occurs in ferroelectrics, with a smaller rate of stiffening at higher T . These observations are in agreement with previous reports in ref.
14. In addition to this shift, we observe that the INS intensity profile becomes more complex, with a second peak appearing at E ' 6 meV, whereas the low-E peak is strongly broadened, corresponding to damping of the TO mode. A double-peak structure is observed at 300 K, especially clearly in HB3 data at (111)-and also in CNCS data at (113), and is consistent with the reflectivity data of ref. 27 (reproduced here for comparison). The high-E peak becomes more intense, and also shifts up in energy with increasing T . We fitted the positions of the two peaks with Gaussians, and we find that the low-E peak corresponds to the calculated bare E TO at 0, whereas the high-E peak corresponds roughly to the bottom of the renormalized branch, as seen in Fig. 1 (pink diamonds) . More details are given in Supplementary Information. We note that, as The yellow square in a,e is E TO = 3.9 ± 0.2 meV from ref. 13 . Data in a,e collected with E i = 12.1 meV (phonon creations). Data in c were collected with E i = 3.5 meV (phonon annihilations, corrected for detailed balance).
erally expected for an incipient ferroelectric, but the LA-TO raction introduces a complex profile of scattering intensity at xtending to very low E. by Morelli et al. 146 and is puzzling because it is clearly a crystal, as evidenced by x-ray diffraction, yet its thermal conductivity follows the trend of a glass rather than that a crystal, with a slow increase of thermal conductivity with temperature. Morelli et al. originally attributed this observation to extreme anharmonicity from the repulsion of a lone-electron pair.
Ma et al. applied a number of experimental techniques to this material, including INS,
to provide a detailed microscopic account of the thermal conductivity of AgSbTe 2 . As was performed for PbTe, the authors mapped the scattering function and linewidths over the full Brillouin zone and again found interesting features. In AgSbTe 2 , the linewidths are extremely broad, even in comparison to PbTe, with the upper part of the LA and optical branches so broad that they merge into a continuum. However, no temperature dependence of linewidths was observed, demonstrating that anharmonicity could not be responsible for the low thermal conductivity as it was for PbTe. Because the scattering rate due to point defects was also calculated to be too weak, the INS measurements showed that another defect structure must be responsible.
The authors used TEM to confirm the presence of this defect structure in the form of ordered nanodomains that spontaneously form over length scales of a few nanometers, values that are consistent with the phonon MFPs determined from the measured linewidths as shown in Fig. 4c . DFT calculations showed that the reason for this spontaneous nanostructure is a degeneracy in ground state crystal structure energy. It is these nanodomains that are responsible for the low thermal conductivity, scattering phonons so strongly that the thermal conductivity approaches the amorphous limit. The authors noted that this spontaneous nanostructure may be useful for thermoelectrics because it is thermodynamically stable, unlike artificial nanostructures that are often metastable.
These two studies illustrate the utility of INS to provide an experimental microscopic view of thermal transport. Not only are the results of fundamental scientific interest, they also guide the development of more efficient thermoelectric materials.
B. Mean free path spectroscopy
INS, while a powerful technique, does have limitations. It is best suited for single crystals samples for which the full Brillouin zone can be mapped. Additionally, low energy phonons,
which have recently been demonstrate to play an essential role in heat conduction, [29] [30] [31] are difficult to study with INS due interference from the elastic scattering peak.
Fortunately, a considerably simpler experimental technique has emerged in the past several years that enables the first direct MFP measurements over a wide range of length scales and materials using readily available equipment. The technique, mean free path spectroscopy, 147 is able to directly measure the MFP accumulation function, defined as the accumulated thermal conductivity as a function of phonon MFP. 148, 149 This distribution contains less information than INS measurements on single crystals but still provides extremely useful insights into which phonons carry heat as well as the key length scales at which size effects occur. Further, the technique can be applied to most solids, including complex materials such as polycrystals or nanocomposites. MFP spectroscopy is based on the physical fact that the heat flux dissipated by a given temperature difference is very different depending on the value of thermal length scale over which a temperature difference exists compared to MFPs. 150 If the thermal length is much larger than all MFPs, the heat transport is diffusive and accurately described by Fourier's law. However, if the thermal length is smaller than some MFPs, some phonons do not scatter local to the heated region, violating a fundamental assumption of Fourier's law. In this quasiballistic regime, one can easily show that the actual heat flux is smaller than the diffusive prediction for a fixed temperature difference. As schematically illustrated in Fig.   5a , MFP spectroscopy consists of observing the discrepancies in heat flux that occur as a thermal length is systematically varied from the diffusive to ballistic regimes, from which the underlying MFP accumulation can be obtained. Practically, the discrepancies in heat flux are observed as a thermal conductivity that appears to vary with a thermal length such as the pump beam size 147 or modulation frequency.
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It is instructive to compare the principle of MFP spectroscopy with previous efforts to infer MFPs by changing the physical dimensions of a sample. For example, Ju and Goodson reported thermal conductivity measurements of Si membranes with variable thickness, from which information about MFPs was obtained by correlating the dimensions of the sample with the thermal conductivity value. 28 The key insight of MFP spectroscopy is that one need not change the dimensions of the sample to probe MFPs. Instead, varying the length scale over which heat is transported in a macroscopic material allows the same information to be obtained and without the additional complication of boundary scattering. This insight is essential because it allows the thermal length to be externally controlled and applied to a wide variety of samples with essentially no change in experimental setup.
One subtlety associated with the physical principle underlying MFP spectroscopy is why the ballistic heat flux is smaller than the Fourier law prediction. If scattering events are removed as in ballistic transport, it seems intuitive that the heat flux should be larger than in the diffusive case. Here, one must be very careful about precisely what is being compared. Consider two thermal reservoirs at different, fixed temperatures connected by a crystal with some thickness. When the crystal is made thinner and scattering events become less likely, the heat flux does increase, eventually reaching the ballistic limit in which heat is transported by phonons at the group velocity without scattering. This ballistic limit is the maximum heat flux that can be supported in the material. However, applying Fourier's law based on the thermal conductivity corresponding to the bulk material will predict a heat flux that exceeds this ballistic limit, even tending to infinity as the crystal thickness approaches zero. This diffusion theory prediction is illustrated schematically in Fig. 5b . Clearly, it is not possible for a finite temperature difference to dissipate a nearly infinite heat flux, and under these conditions the actual ballistic heat flux is smaller than the Fourier law prediction, as stated above. While this example is strictly only valid for steady heat conduction between blackbodies, recent solutions of the BTE by us and others demonstrate that the same physical principle applies in every case, including transient transport, examined thus far. 108, 109, 112, 136, 152, 153 The introduction of MFP spectroscopy is quite recent, although the possibility of using observations of nondiffusive transport to infer phonon relaxation times was raised as early as 1971. 154 More recently, Koh and Cahill observed a modulation-frequency dependent thermal conductivity in semiconductor alloys using TDTR and attributed it to ballistic transport. questions. However, while these approaches certainly yield insight, they lack predictive power because they are a simplification of the BTE and thus require assumptions to close the problem.
To avoid this limitation, our approach has been to study quasiballistic transport by rigorously solving the frequency-dependent BTE for which the only input is the phonon dispersion and relaxation times. In particular, we have introduced a theoretical framework that allows the MFP accumulation distribution to be quantitatively reconstructed from thermal measurements. 153 This work is based on a theoretical analysis of the transient grating experiment, which monitors the thermal decay of a sinusoidal initial temperature distribution on a sample. The key observation from this work is shown in Fig. 6a , which plots the calcu- geometry. This observation demonstrates that the transition from the diffusive to the ballistic regimes is not a sharp cutoff, as was previously assumed, but occurs over a transition region defined by a thermal length scale.
Based on this observation, we introduced a framework by which the desired MFP distribution can be linked to the measured experimental thermal conductivities by integration with the suppression function that describes the reduction in heat flux that occurs, compared to the Fourier's law prediction, in the geometry of the experiment:
where k i are the measured thermal conductivities that depend on thermal length
is the suppression function, Λ ω is the MFP, and f (Λ ω ) is the desired MFP distribution. This equation is a classic ill-posed inverse problem, but we were able to show that the MFP distribution can still be recovered using a convex optimization procedure. The result of this procedure is shown in Fig. 6b . In this figure, we simulated the temperature decay of a transient grating using the BTE to obtain the effective thermal conductivities, then performed the reconstruction procedure to obtain the MFP distribution using our knowledge of the suppression function. We observed excellent agreement with the MFP distribution used in the BTE simulations, confirming the validity of this approach.
The attractive feature of this framework is that the BTE need not be solved every time one wants to explain experimental data. Instead, the BTE only needs to be solved once for a particular experimental geometry to extract the suppression function. Thus the key to measuring MFP spectra is to perform thermal measurements over a wide range of length scales and to determine the suppression function for the specific experimental geometry.
This approach was originally developed for the transient grating experiment, for which the suppression function is known analytically 108, 109, 152 and confirmed by numerical simulations.
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Recently, we have been able to provide additional insight into quasiballistic transport in this experiment using a new analytical solution to the frequency-dependent BTE 108 obtained using Fourier transforms. 109 An important question we were able to address is why a modified diffusion theory is even valid at all to interpret observations of nondiffusive transport. From our analytic BTE solution, we identified quasiballistic transport regimes that are distinguished by the phonon relaxation times compared to the thermal decay time.
In the limit that the thermal decay time is much longer than relaxation times yet with some MFPs longer than the thermal length scale, we found that the exact solution to the BTE is a modified diffusion theory with a reduction in thermal conductivity described by Eq. 3. Figure 6c shows the excellent agreement between the actual decay and the decay predicted by a modified diffusion theory. This result provides theoretical justification for the use of a modified diffusion theory to describe nondiffusive transport and is consistent with previous theoretical works 109,152 and experimental observations. 156 When the thermal decay time is comparable to relaxation times, the thermal decay does not follow the functional form predicted by Fourier's law, as in Fig. 6d . However, we found that an effective thermal conductivity can still be defined and used to obtain the MFP spectrum. This result thus formally supports the reconstruction approach of Ref. 153 for the transient grating experiment.
The situation is considerably more complicated for other optical experiments such as timedomain thermoreflectance (TDTR) and broadband frequency-domain thermoreflectance (BB-FDTR). In these experiments, both cross-plane and radial heat conduction play a role, and the presence of a transducer-substrate interface also introduces difficulties in interpretation. At present, a number of puzzles remain, such as the apparent discrepancy between TDTR and BB-FDTR measurements. 30, 151 However, progress is still being made. We are using the same efficient MC algorithms as described in section II C to study quasiballistic transport in TDTR. 136 We have confirmed that the origin of pump-size dependent thermal conductivities observed previously 147 are due to quasiballistic transport. Further, we were able to use the spectral information in our simulations to obtain a radial suppression function, enabling MFP measurements with TDTR. At present, we are examining the effect of the interface on the interpretation of the measurements using a new semi-analytical solution of the 1D BTE.
Despite these issues, MFP spectroscopy has already provided a number of important insights into heat conduction. A particularly interesting result has been the confirmation of the importance of long MFP phonons to thermal transport in semiconductors despite their small contribution to specific heat. In bulk crystalline Si, MFP spectroscopy has shown that MFPs are hundreds of microns long even at 100 K as shown in Fig. 7a . 147 Measurements performed using transient grating spectroscopy on 400 nm thick freestanding Si membranes are shown in Fig. 7b . Analysis of these measurements 153 indicates that most thermal phonons have MFPs shorter than 1 micron due to diffuse scattering at the membrane boundaries.
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MFP distribution measurements for bulk Si at various temperatures reported by Regner et al. using BB-FDTR are shown in Fig. 7c , indicating that phonons with MFPs longer than 1 micron contribute 40% of the total thermal conductivity at room temperature, in agreement with theoretical calculations. 30 As the theory underlying MFP spectroscopy is refined, further novel results are expected to follow.
IV. SUMMARY AND OUTLOOK
A fundamental microscopic understanding of phonon heat conduction has long been desired for both science and engineering but historically difficult to obtain due to limitations on computational and experimental methods. In this topical review, we have described how advances in a diverse set of techniques, most of which were introduced in the past five years, are enabling an unprecedented microscopic picture of thermal phonon transport. The computational techniques include ab initio approaches using density functional theory to describe phonon-phonon interactions, atomistic Green's functions to determine scattering rates from extended defect structures, and variance-reduced Monte Carlo algorithms to simulate mesoscale thermal transport in structures with dimensions as large as tens of microns. Experimentally, advances in inelastic neutron scattering techniques and a new method called mean free path spectroscopy allow direct access to the thermal phonon spectrum for the first time. Collectively, these techniques have provided unique insights into phonon heat conduction, including the importance of considering the phonon MFP spectrum rather than an average MFP, a new view of the microscopic requirements for good thermal conductors, and an improved understanding of phonon transmission across rough interfaces.
What is next for this microscopic investigation? Despite these advances, many aspects of heat conduction in the majority of materials remains unclear. Here, we describe a few of these important questions.
Our understanding of anharmonic scattering has been dramatically improved by ab initio calculations, but many predictions for materials ranging from nitrides to graphene remain to be experimentally verified. An important task will thus be to use INS or MFP spectroscopy to directly measure microscopic quantities such as MFP spectra and compare the results to ab initio calculations. The agreement, or lack of agreement, will lead to a deeper understanding than that obtained from either method separately. An additional interest-compared to the results of the first-principles calculations.
The consistency between these two approaches is encouraging, and indicates that our technique is accurately measuring the thermal conductivity contributions from different phonon MFPs.
In summary, we have demonstrated the first experimental technique which can measure the MFPs of phonons relevant to thermal conduction across a wide range of length scales and materials. While empirical expressions and simple relaxation time models have traditionally been the only means to estimate MFPs, our technique enables a direct measurement of how heat is distributed among phonon modes. Although our demonstration of the thermal conductivity spectroscopy technique is for length scales in the tens of microns range, the technique can be extended to an arbitrary length range and to arbitrary materials by changing the heater dimension using related optical techniques or lithographically patterned heaters. Our successful application of the technique at submicron length scales in sapphire, GaAs, and Si membranes will be described in subsequent publications. Considering the crucial importance of the knowledge of MFPs to understanding and engineering size effects, we expect the technique to be useful for a variety of energy applications, particularly for thermoelectrics.
This material is partially based upon work supported as part of the ''Solid State Solar-Thermal Energy Conversion explained by the transition from a diffusive to a ballistic transport regime for the low-frequency part of the phonon spectrum. There is no contradiction with the intuitive expectation that ballistic transport should be faster than model the he with increasi cannot excee limit [12] , Q ing topic for anharmonic scattering is understanding phonon interactions in materials with complex unit cells such as Yb 14 MnSb 11 , 160 for which numerous optical branches exist that could scatter acoustic phonons. The unit cells in such materials are so large that they may not be suitable for DFT at present, making an experimental approach the most promising option to gain insight into these materials.
After understanding anharmonic scattering, the next step is to investigate basic scattering mechanisms such as point defect scattering and electron-phonon scattering as they play an important role in thermoelectric materials. The scattering rate due to point defects can be derived from perturbation theory 161 but it has not been experimentally verified. Our understanding of electron-phonon scattering is more elementary, with most treatments being based in Ziman's original treatment from over 50 years ago that suggests that low energy phonons are scattered by electrons. 162 Again, this prediction has never been verified. INS or MFP spectroscopy could be used, although MFP spectroscopy can be more easily applied to a variety of materials.
Subsequently, the important task is to understand scattering due to extended defects such as grain boundaries, superlattice interfaces, nanoparticles, and other natural or artificial structures. Despite the numerous demonstrations of nanostructured materials with reduced thermal conductivities, precisely which phonons are scattered by different defects remains unknown, and even basic questions remain. For example, what is the specularity parameter of phonons incident on a rough boundary? Which parts of the phonon spectrum are scattered most efficiently by which structures? What is the best way to incorporate all of these structures into a material to obtain the minimum thermal conductivity? Conversely, how can heat be most effectively extracted from a volume that includes interfaces, such as the active region of an LED?
The answers to these questions will have an important impact on the science and engineering of thermal conductivity. From a scientific perspective, knowledge of these microscopic details allows us to understand why certain materials are good (or poor) thermal conductors, how specific phonon modes interact with other phonons and defects, and which phonons are responsible for heat conduction. From an engineering perspective, this microscopic information provides the understanding necessary to manipulate the thermal phonon spectrum for numerous applications ranging from thermoelectrics to LED lighting. The thermal transport field thus has an exciting time ahead as new tools are used to answer these interesting and 28
